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Abstract 
This paper presents an evaluation method of residual stresses in large welded thin-walled structures based 
on eigenstrain analysis and small sample residual stress measurement. In this method, small samples 
containing weld and heat-affected zones are firstly cut from large thin-walled structures, then residual 
stress in the small samples are measured to determine the welding-induced eigenstrains using a finite 
element-aided inverse solution. Finally, residual stress in large thin-walled structures are evaluated based 
on the obtained eigenstrain distribution. The feasibility of the proposed method was validated by 
evaluating residual stresses in welded plates with different lengths or widths. The method was then 
applied to evaluating residual stress in a welded skin-stiffener panel. Good agreement between the 
evaluated residual stress and measurement by diffraction technique has demonstrated the practicability 
of the method. 
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Nomenclature 
B Eigenstrain calibration coefficient matrix 
B-1 Inverse matrix of B 
BT Transpose matrix of B 
Bij B matrix component representing the residual stress in the ith interval caused by a 
unit eigenstrain in the jth interval 
Beva B matrix correlated to a specimen in which residual stress is to be evaluated  
Bmea B matrix correlated to a specimen in which residual stress has been measured by 
experiment 
m, n Total number of intervals of eigenstrain zone and residual stress field, respectively 
Uj(x) Pulse function 
* Eigenstrain 
*y Eigenstrain component in y direction 
σ Residual stress 
σeva, σmea Residual stresses that are to be evaluated and have been measured, respectively 
1. Introduction 
The application of advanced welding technologies in aircraft integral metallic structures is recognized as 
one of the most promising methods for further cost and weight savings. However, residual stresses are 
introduced during a welding process and consequently influence the structural integrity assessment [1-
4]. Therefore, it is important and necessary to evaluate the magnitude and distribution of residual stresses 
for predicting the durability and damage tolerance performance and avoiding premature failure in service, 
and thus promoting the integral thin-walled structures. There are two major approaches to evaluate 
residual stress in welded components, i.e. experimental measurement of welded structures or simulation 
of the welding process. 
The most popular techniques for measurement of welding residual stresses include the diffraction 
methods and mechanical methods. Diffraction-based techniques, such as the X-ray diffraction and 
neutron diffraction techniques, are non-destructive means and are more accurate and automatic compared 
to the mechanical methods. However, the neutron diffraction technique is limited to resources and 
specimen size, and difficulties may arise for certain alloys due to inhomogeneous microstructure and 
strong and varying crystallographic texture in the welds [5, 6]. Mechanical methods are based on the 
strain relief principle and hence mostly destructive or semi-destructive. The hole-drilling method, the 
crack compliance method and the contour method are the most commonly used methods. The hole-
drilling method requires commonly available equipment and is easy to operate. However, it has a limited 
spatial resolution and errors could arise due to localized yielding [7]. The crack compliance method 
improves the resolution of the residual stress variation, but the surface gauge used in the method could 
give weak response to the release of sub-surface stresses and might result in instability problems [8]. 
Nowadays, the contour method proposed by Prime and Gonzales has become more and more popular 
owing to its straightforward theory and simple implementation [9]. Nevertheless, the assumption of a flat 
cut in the contour method is overly restrictive and misleading, which makes error minimization and 
correction important and necessary [10]. 
In addition to experimental measurement techniques, residual stresses can be evaluated by simulating the 
welding process using the finite element (FE) method. Joshi et al. presented a simulation of welding-
induced residual stresses in a circular hollow section T-joint to explore the influential factors to the 
initiation and propagation of fatigue crack [11]. A sequentially coupled thermal-stress analysis was 
conducted by Lee et al. to model the welding process of a Y-shaped joint, and a small scale parametric 
study was carried out to investigate the influences of key welding parameters on the magnitude and 
distribution of residual stress [12]. Paulo et al. built a novel shell element FE model to simulate the 
friction stir welding process of building an integral stiffened panel to predict the residual stress, material 
softening and geometric distortion [13]. Although these simulation results were comparable with 
experimental measured residual stresses, the thermo-mechanical models required large number of 
material properties and welding process parameters. Moreover, thermo-elasto-plastic FE analysis of large 
complex welded structures requires high-performance computers and significant amount of computing 
time. 
Eigenstrain is a generic name given by Mura to such nonelastic strains caused by thermal expansion, 
phase transformation, initial strains, plastic strains and misfit strains, and residual stresses are created 
owing to the incompatibility of the eigenstrains [14]. Ueda et al. proposed the concept of inherent strain 
as the source of residual stress and developed a general theory for evaluating residual stresses based on 
estimation of the inherent strain [15]. Obviously, eigenstrain has the same meaning as the inherent strain. 
In the following sections, the terminology given by Mura was used, i.e. the inelastic and non-compatible 
strains are called eigenstrain. For a welded joint, the eigenstrain consists of thermal, transformation and 
plastic strains induced by the welding process. 
There are many advantages offered by the eigenstrain approach for evaluating the welding residual stress; 
once the eigenstrain distribution is deduced, the residual stress can be determined by using a linear elastic 
model rather than a nonlinear elasto-plastic one [16]; the eigenstrain approach enables prediction of the 
object’s distortion and residual stress re-distribution during any subsequent machining operation [17]. 
Ueda et al. presented a series of work demonstrating practical applications to cases such as butt-welded 
joints, long welded joints, axisymmetric shaft, and T- and I-shaped joints, etc., describing a way of 
determining the inherent strain and residual stress [18-21]. Hill et al. proposed a localized eigenstrain 
method focusing on finding residual stress only in the weld bead region of the joint, therefore the required 
experimental effort was greatly reduced in comparison with Ueda’s method [22]. Korsunsky et al. 
developed a framework for predictive modelling of the residual stress due to surface peening and inertia 
friction welding [23-25]. 
This paper presents a method for evaluating residual stresses in large welded thin-walled structures based 
on the eigenstrain analysis and small sample residual stress measurement. In this method, residual 
stresses in small samples cut from large structures were measured at first, then the eigenstrain introduced 
by the welding process was determined using an FE-aided inverse method. Finally, residual stress in 
large thin-walled structures was evaluated based on the obtained eigenstrain. Two case studies were 
carried out to demonstrate the applicability of the presented method: residual stresses in welded plates of 
different lengths or widths, and residual stress distribution in a welded skin-stiffener panel. 
2. Method 
2.1.  Procedure 
Based on the postulate that a residual stress field can be uniquely determined by elastic equilibration of 
a distribution of eigenstrain in an object, the procedure of the presented method for evaluating residual 
stresses in welded large thin-walled structures involves three steps: (1) residual stresses in the small 
sample, which is cut from the large structure and contains the same weld and heat-affected zone, is 
measured using an established techniques, e.g., the diffraction method; (2) a calibration coefficient matrix 
denoted as Bmea is established by performing FE analysis. The matrix is related to the small sample, in 
which the residual stress has been measured. Eigenstrain distribution induced by the welding process is 
then determined by solving linear algebraic equations relating the Bmea matrix and the measured residual 
stress; (3) a calibration coefficient matrix related to the thin-walled structure, in which residual stress 
will be evaluated, is established by FE analysis and denoted as Beva. Then residual stress field in the 
welded large thin-walled structure can be evaluated based on the obtained eigenstrain and Beva matrix. A 
flowchart of the proposed method and calculation procedure is shown in Fig. 1. 
 Fig. 1. Flowchart of the proposed method and calculation procedure. 
In fact, the implicit limitation of the presented method is that the welds in reference samples and large 
actual structures must be the same, i.e. the welding process parameters and the weld dimensions in the 
small sample and the large thin-walled structure should be maintained the same. Considering that the 
transverse residual stresses (perpendicular to weld) are usually much smaller than those in the 
longitudinal direction (parallel to weld) in welded thin-walled structures [26], only the longitudinal 
residual stresses are taken into account in this paper. 
2.2.  Inverse solutions for eigenstrain and residual stress 
Schajer’s pulse method is used here in the inverse solutions for eigenstrain owing to its straightforward 
concept and concise algebraic operation [27-29]. In the pulse method, residual stress field and eigenstrain 
distribution are discretized to a series of discrete values, as shown in Fig. 2 and equation (1). 
 
Fig. 2. Discretization of eigenstrain distribution. 
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where ε* represents the eigenstrain distribution function and ε*j corresponds to the eigenstrain value in 
the jth interval; σ represents the residual stress distribution function and σj corresponds to the stress value 
in the jth interval. Uj(x) is the pulse function, m and n are the total number of intervals of eigenstrain 
zone and residual stress field, respectively. 
The pulse functions are defined by equation (2): 
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Assuming a linear elastic relationship, the measured residual stresses corresponding to the eigenstrain 
given by Eq. (1) become 
  
*
σ = Bε                                                                    (3) 
An element Bij in matrix B represents the residual stress in the ith interval caused by a unit eigenstrain in 
the jth interval, i.e. 
 
   * jij i x U x
B x



                                                          (4) 
B is an n × m stress matrix due to applied unit eigenstrains, which is also called an eigenstrain calibration 
coefficient matrix and can be easily determined by FE analyses. Therefore, if residual stress distributions 
of small samples were determined by experimental techniques, the eigenstrain due to the welding process 
could be evaluated on condition that n ≥ m. For a welded joint, n, the total number of intervals of residual 
stress field, is usually greater than m, the total number of intervals of eigenstrain zone, because 
eigenstrain zone only exists within and around the weld. 
When n = m, we have 
1* 
ε = B σ                                                                     (5) 
If n > m, the solution of ε* can be obtained by Eq. (6). 
 
1
T T* 
ε = B B B σ                                                              (6) 
Subscript “mea” is assigned to B and σ to demonstrate that these matrices are related to samples whose 
residual stress field has been physically measured, whereas subscript “eva” denotes that the matrices are 
related to structures whose residual stress is to be evaluated by analysis. Hence, calculation steps in the 
presented method can be expressed by following equations (n > m): 
 
1
T T
mea mea mea mea
* 
ε = B B B σ                                                     (7) 
eva eva
*
σ = B ε                                                                  (8) 
2.3.  Numerical demonstration 
2.3.1. Specimens and the given eigenstrain distribution 
An FE simulation was performed here to demonstrate the operation of the presented method. The original 
specimen was a rectangular plate of 100 mm × 200 mm containing a weld and a self-balanced 
longitudinal residual stress field that was caused by a given eigenstrain distribution expressed by Eq. (9). 
 * 20 200.001cos(π / 40)  y xx    ，                                              (9) 
where ε*y is the initial longitudinal eigenstrain parallel to the weld line, and x represents the distance from 
the weld centerline. Fig.3 shows the specimen and cutting position for a smaller sample of 100 mm × 50 
mm. 
 
Fig. 3. Specimen configuration and dimension, and cutting position for the smaller sample (Unit: mm). 
Based on the method precondition that the welds in reference samples and large actual structures must 
be the same, it can be considered that the through thickness variations, geometry modifications and 
material properties in the welds of the small sample and large plate are the same. Therefore, the following 
assumptions and approximations in the linear elastic FE simulations are concise and reasonable and will 
not influence the accuracy of the evaluations: 
 The welded plates were simplified to 2D models in the FE simulation. 
 The thickness variation and geometry modification due to the weld were neglected by the FE model. 
 The material properties within and around the welds were considered the same as that of the base 
material. 
Taking into account of the symmetrical characteristic of the specimen and eigenstrain distribution, a 2D 
model of one-quarter plate was built using the ANSYS commercial FE code and a 50 × 100 mesh of 
high-order 8-node quadrilateral plane stress elements (PLANE183). The material behavior was assumed 
to be isotropic and linear elastic with a Young’s modulus of 78 GPa and a Poisson’s ratio of 0.33. The 
eigenstrain was inputted to the model by the command “INISTATE”, and the model was then solved to 
ensure that it was self-balanced. The eigenstrain distribution and the residual stress in the specimen are 
shown in Fig. 4. It is observed that residual stress distribution changes direction at the boundary of the 
eigenstrain zone, which gives us idea to determine the boundary of the eigenstrain zone in the following 
work. The cutting process of the small sample, as shown in Fig. 3, was simulated by removing those 
elements that were outside the small sample’s boundaries as indicated by dotted lines. The self-balanced 
residual stress in the small sample, for the comparison purpose, is also shown in Fig. 4, which was 
subsequently used as a known initial condition for evaluating the residual stress in the original large 
specimen. 
 
Fig. 4. Given eigenstrain and calculated residual stress distribution in the large specimen and small 
sample (corresponding to the specimen configurations in Fig. 3). 
2.3.2. Residual stress evaluation in the large specimen using the proposed method 
Firstly, eigenstrain was assumed to distribute in the [0, 20] mm zone according to the location where 
residual stress distribution in the small sample changed direction (Fig. 4). The interval length was 
designated as 1 mm and hence Bmea is a 5020 matrix. Secondly, a 2D FE model was built for one-quarter 
of the small sample with the element size of 1 mm. A unit tension strain was applied at each of the 
intervals located within the [0, 20] mm zone, one at a time, and the corresponding residual stresses were 
calculated and extracted to make up the different columns in the corresponding matrix Bmea. Fig. 5(a) 
shows that a unit tension strain was applied at the seventh interval. The residual stresses extracted from 
the path at the bottom edge were exactly the seventh column, i.e., Bj7 (1≤ j≤ 50) in matrix Bmea, as shown 
in Fig. 5(b). Thirdly, the eigenstrain distribution can be obtained by solving Eq. (7), and Fig. 5(c) shows 
the comparison between the calculated eigenstrain and the initial given eigenstrain (Eq. (9)). The final 
step involves determining matrix Beva, and then evaluating the residual stresses in the original large 
specimen using Eq. (8). Evaluated residual stress distribution is compared with the residual stress 
obtained from FE simulations, as shown in Fig. 5(d). 
 Fig. 5. Residual stress evaluation process for the original large specimen. 
2.3.3. Influence of eigenstrain zone boundary selection on eigenstrain evaluation 
In engineering practice, the boundary of the eigenstrain zone is usually difficult to determine exactly, 
because the selection of a certain location where residual stress distribution changes direction is 
ambiguous (examples of measured residual stresses of welded plates can be found in Section 3.1.1). 
Therefore, exploring the influence of the eigenstrain zone boundary selection on evaluated eigenstrain is 
important and necessary. In this part, eigenstrain is assumed to distribute in three different zone lengths, 
[0, 15], [0, 20] and [0, 25] mm, and the calculated eigenstrain distributions are shown in Fig. 6. 
When the eigenstrain is assumed to distribute in the [0, 15] mm zone, i.e. the assumed eigenstrain zone 
is located within the actual eigenstrain zone, there are significant differences between the calculated 
eigenstrain values and the given eigenstrains. On the contrary, when the eigenstrain is assumed to 
distribute in the [0, 25] or [0, 20] mm zone, i.e. the actual eigenstrain zone is located within the assumed 
eigenstrain zone, the calculated eigenstrain values are in good agreement with the given eigenstrains. In 
conclusion, inverse solutions are insensitive to the choice of the length of the assumed eigenstrain zone, 
provided it exceeds the physical boundary of the actual eigenstrain zone. Therefore, the assumed 
eigenstrain zone should be sufficiently large to include the entire possible distance, beyond which the 
measured residual stress distribution changes direction. 
 
 
Fig. 6. Calculated eigenstrain distributions according to different eigenstrain zone boundaries. 
3. Case studies with the proposed evaluation method 
3.1.  Residual stress in butt welded plates  
3.1.1. Specimens and residual stresses 
Because of the availability of measured residual stresses, a friction stir welded butt joint of aluminum 
alloy AA7449 plate and a pulsed metal-inert gas butt welded S355 plate [30] are used here for the 
validation of the proposed method. In both welds, residual stress was measured repeatedly in the same 
location as the plates were progressively and symmetrically shortened or narrowed by removing an equal 
amount of length or width from each end or side. Specimen configuration and cutting positions are shown 
in Fig. 7. Residual stress distributions measured using the synchrotron X-ray diffraction technique are 
shown in Fig. 8. 
 Fig. 7. Specimen configuration and extracted test pieces. (Reproduced from [30], unit: mm) 
 
 
Fig. 8. Residual stress distributions in welded plates in different lengths and widths. (corresponding to 
the configurations in Fig. 7. Reproduced from [30]) 
3.1.2. Results and discussion 
In this section, residual stress distributions in specimens of different lengths or widths were evaluated 
based on eigenstrain distribution derived from another specimen cut from the same original plate with 
measured residual stress distributions. Eigenstrain was assumed to distribute in [0, 35] mm zone in the 
AA7449 plates and [0, 25] mm zone for the S355 plates, according to the location where residual stress 
distributions changed direction. Eigenstrain distributions calculated from residual stress distributions in 
different lengths or widths are shown in Fig. 9. 
 
Fig. 9. Eigenstrain distributions derived from residual stresses in specimens of different lengths or widths. 
 
The trends of eigenstrain distributions in different lengths/widths of specimens display consistently and 
were similar to that of the measured residual stress. Small deviations appear in the magnitude due to 
measurement errors in residual stresses. Furthermore, eigenstrain values gradually approach zero at 
approximately 35 mm and 25 mm from the weld center in AA7449 plates and S355 plates, respectively, 
which means that the assumptions of the widths of eigenstrain distribution zones are reasonable. Residual 
stress distributions calculated using the obtained eigenstrain data are shown in Figs. 10 and 11. 
For pulsed metal-inert gas welded S355 plates, calculated stress results are in good agreement with the 
measured residual stresses in most areas. For friction stir welded AA7449 plates, the total range was 
divided into two sections based on the existence of eigenstrain. In Section [0, 35] mm, which is also 
called an eigenstrain zone, both trend and magnitude of the evaluated residual stress agree well with the 
measured data; In Section [35, 60] mm, which is also called a non-eigenstrain zone, however, differences 
appear in trend or magnitude between the calculated residual stress and measured results, particularly in 
the case that evaluating residual stresses in the specimen with 400 mm length. The differences arise 
partially from the measurement error of residual stress and partially from the inverse solution used in the 
proposed method: the eigenstrain theory focuses on the characterization of residual stress in the 
eigenstrain zone, leaving the trend of residual stress in the non-eigenstrain zone to be neglected. It sounds 
acceptable because the critical factor contributing to fatigue and fracture problems of weldments is tensile 
residual stress within and around the weld, rather than compressive residual stress far away from the 
weld. 
 
 
Fig. 10. Evaluated residual stress distributions in friction stir welded AA7449 specimens of different 
lengths. (ES: calculation was based on derived eigenstrain) 
 Fig. 11. Evaluated residual stress distributions in pulsed metal-inert gas welded S355 specimens of 
different widths. (ES: calculation was based on derived eigenstrain) 
3.2. Residual stress evaluation in a welded stiffened panel  
3.2.1. Specimens and residual stresses 
A friction stir butt welded 2024-T351 plate is used as the small sample in the proposed method to evaluate 
the residual stress in a butt welded 2024-T351 stiffened panel, which was fabricated by the same welding 
process: The welding tool had a shoulder of 12 mm diameter; process parameters were a rotation rate of 
600 rpm and a traverse speed of 100 mm/min. The welded plate had a thickness of 5 mm and consisted 
of two parent metal plates of 100 mm×50 mm that were joined by a friction stir weld along the long edge. 
The stiffened panel had a length of 200 mm and the specimen configuration is shown in Fig. 12. Residual 
stress distributions in the welded plate and stiffened panel were measured by the X-ray diffraction 
technique and are shown in Fig. 13. 
 Fig. 12. Friction stir welded 2024-T351 stiffened panel. (Unit: mm) 
 
Fig. 13. Residual stress distributions in the welded plate and stiffened panel.  
3.2.2. Results and discussion 
At first, an eigenstrain distribution was assumed in the [0, 14] mm zone according to the location where 
the residual stress in the small welded plate changed direction. The eigenstrain distribution in the welded 
plate calculated by Eq. (7) is shown in Fig. 14. The evaluated residual stress in the welded stiffened panel 
is shown in Fig. 15, accompanied by comparison with the measured result using the X-ray diffraction 
technique. The welded stiffened panel was modelled by 3D solid elements, i.e. the 20-node high-order 
hexahedral element (SOLID186), in the FE simulation using ANSYS software. 
In the region of [0, 12] mm, the trend of the residual stress distribution is modelled correctly. Slight 
differences in the stress magnitude appear due to the measurement error of the residual stress in the 
welded plate. However, considerable difference between the evaluated residual stress and measurement 
result is shown in the region of [12, 18] mm. In addition to errors in the measurement, the disagreement 
can be attributed to the limitation of the presented method: the eigenstrain theory focuses on the 
characterization of residual stress in the eigenstrain zone and neglects the trend of residual stress beyond 
the eigenstrain zone. 
 
 
Fig. 14. Calculated eigenstrain distribution in the small welded plate. 
 
Fig. 15. Evaluated residual stress in the welded stiffened panel. 
4. Conclusions 
This paper presents a novel method for evaluating residual stresses in large thin-walled structures based 
on eigenstrain analysis and small sample residual stress measurement. The proposed method was 
validated by test measurement of residual stresses in welded plates of various lengths and widths, and 
also verified by measured residual stresses in a butt welded stiffened panel. Based on the work, following 
conclusions can be drawn: 
1. Inverse solutions of eigenstrain are insensitive to the choice of assumed eigenstrain zone size, 
provided that it exceeds the physical extent of the actual eigenstrain zone. As a good estimation, the 
assumed eigenstrain zone should be large enough to include the entire possible area where the 
measured residual stress distribution changes direction. 
2. Residual stresses of butt welded plates in different lengths or widths evaluated by the proposed 
method are in good agreement with synchrotron X-ray diffraction measurement. 
3. Residual stress distribution in the butt welded stiffened panel is modelled correctly by the presented 
method in terms of the distribution trend and stress magnitude compared with the measurement 
result using the X-ray diffraction technique. Difference in the stress values is caused partially by the 
measurement error of the residual stress in the welded plate and partially owing to the limitation of 
the eigenstrain theory used in the presented method. 
4. The proposed method can be a powerful tool for evaluating residual stress distributions in large 
welded thin-walled structures. However, the applicability of the proposed method to cases of 
different thicknesses and/or weld dimensions between samples and structures still needs further 
investigation. 
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